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ADVERTISEMENTS 


COLLECTED WORKS OF 
‘LEONARD EULER 


On the two-hundredth anniversary of the birth of Euler, a 
committee of the Society of Swiss Naturalists launched the project 
of international cooperation for the publication of his collected 
works. Academies and individuals subscribed for about 300 sets, 
and about one hundred thousand (100,000) Swiss francs were col- 
lected, for the most part in Switzerland; the American Mathemat- 
ical Society subscribed five thousand (5,000) francs. Eighteen (18) 
of the estimated seventy (70) volumes have been published. 


By reason of the European War nearly one-half of the sub- 
scribers have been unable to meet their obligations in full. Under 
these circumstances, a considerable number of new subscribers 
must be secured if the completion of the undertaking is to be pos- 
sible in the near future. There are three plans for subscribing. 
Those libraries or individuals wishing for information with a view 
to joining in promoting this great international undertaking, should 
communicate with the Official Representative of the Euler Com- 
mittee for the United States and Canada, pe 

R. C. ArcHIBaLp, 

Brown University, 
Providence, R. I. 


Nearly Ready 


History of Mathematics, Vol. I 
| By David Eugene Smith 


Rich in‘ the number and quality of its facsimiles and 
portraits from rare books, this history covers more com- 
pletely than any similar work in English the mathematical 
_ topics taught in elementary and secondary schools, and in 
colleges. Volume I is a general survey; Volume II is a 
more extended history of each branch of mathematics. The 
publication of- Volume II will follow closely that of 


Volume I. 
Ginn and Company 
70 Fifth Avenue, New York 
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THE JOSIAH WILLARD GIBBS LECTURESHIP 


The Council of the Society has sanctioned the establishment 
of an honorary lectureship to be known as the Josiah Willard 
Gibbs Lectureship. The lectures are to be of a popular nature 
on topics in mathematics or its applications, and are to be 
given by invitation under the auspices of the Society. They 
will be held annually or at such intervals as the Council may 
direct. It is expected that the first lecture will be delivered 
in New York City during the winter of 1923-24, and a com- 
mittee has been authorized to inaugurate the lectures by 
choosing the first speaker and making the necessary arrange- 
ments. 

R. G. D. Ricnarpson, 
Secretary. 


AN ELECTROMAGNETIC THEORY 
OF LIGHT-DARTS 


BY H. BATEMAN 


1. Introduction. Since Einstein’s theory of light-quanta * 
is being carefully tested in many ways by ingenious experi- 
ments and is gaining favor, it is thought by some physicists 
that in the future Maxwell’s equations will no longer be 
regarded as the best starting point for the elucidation of 
physical phenomena but will be derived from the equations of 
quantum-theory by some limiting process. 

On the other hand, it may be argued that physicists have 
been led to this point of view because they refuse to believe 
what is clearly indicated by some of the most interesting 
solutions of Maxwell’s equations. These solutions show that 
#4, Einstein, ANNALEN DER Puysix, vol. 17 (1905), p. 132; PHysik AL- 
ISCHE ZEITSCHRIFT, vol. 10 (1909), p. 185; vol. 18 (1917), p. 121. 
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light-darts * of an electrical nature may have a real existence 
and that it is not impossible for electricity to travel with the 
velocity of light. 

The chief difficulty in developing an electromagnetic theory 
of light-darts is that of the location of the energy of a light- 
dart. It is not certain that we can speak of a definite location 
of energy. Thus in electrostatics the energy can be expressed 
either as an integral of type t }./'Vde taken over the electric 
charges, or as an integral over the whole of space in which the 
density of energy is proportional to the square of the force. 

The latter expression is usually preferred in forming a physi- 
cal picture because the density of energy cannot be negative, 
while there is just a possibility that V and de might have 
opposite signs. If, however, this possibility is excluded t we 
can regard the energy either as spread throughout the whole 
of space or as localized in the charges. The structure of the 
universe may, indeed, be such that it may be pictured in 
more than one way, and it is quite possible that electro- 
* magnetic theory and the theory of quanta are two different 
methods of calculation which will prove eventually to be 
equivalent, though different distributions of energy are con- 
sidered in the two cases. 


2. Field Travelling in One Direction. To make this point of 
view clear, let us consider an electromagnetic field specified 
by field-vectors E and H with components 


E, = 0, (:-2), = 
(1) oy c Oz c 
dQ _ 02 _@ 


*The term light-dart is recommended by Silberstein, ParLosoPHicaL 
MaGazine, vol. 44 (1922), pp. 257, 956. 

+ In this integral V represents the electrostatic potential and de an 
element of charge. 

t V and de will always have the same sign if charges of opposite signs 
are kept far enough apart and a large number of charges of one sign are 
never close to one of the opposite sign. 
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where © is a function of y and z representing the logarithmic 
potential of a distribution of line charges bounded by a 
cylindrical surface y(y, z) = 0. We may thus write 


(2) aet vy, z) > 0 


= a(y, 2), z) < 0. 
It is easily seen that the fundamental equations of the theory 
of electrons are satisfied with the above expressions for the 
components of £ and H if the electricity in the field has a 
volume density p given by 


| p=0, if vy 2) >0, 
3 
if 


and moves with the velocity of light in the direction of the 
axis of x. The energy in the field is 


(E? + H*)dxdydz 


where the latter integral is taken over the charges in the field, 
the integrals 


J + dydz and = — SQodydz 


being equal on account of the above-mentioned property of 
an electrostatic field if we suppose that the integral {odydz 
is zero. 

Regarding the field (E, H) as representing waves of light 
and the electricity in the field as an accompanying light-dart 
composed of electric doublets, we can say that the energy can 
be regarded either as located in the field or as associated 
entirely with the light-dart. It should be noticed that the 
energy may be finite, although electricity moves with the 
velocity of light. Moreover, when a(y, z) is positive 2 will 
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be negative, if charges of opposite signs are not too close 
together, and each element of the integral (4) will be positive.* 


3. First Example of a Field Radiating in All Directions- 
The field just considered is a limiting case of several types of 
radiant field of a more general nature. As a first example, 
let us take the field 


1 R 
(5) + | 
He = =): ( 
H. = 0, 


where 
X=2-, Y=y-yn Z=2-, 
P? = X*+ R= 24+ 2, 


and where f(r) is an arbitrary function of 7, f’(7) being used 
to denote its derivative with respect to 7. 

The point Q with coordinates (£, 7, ¢) is a primary singu- 
larity from which secondary singularities, carrying electric 
charges, are radiated with the velocity of light in directions 
parallel to the axis of z. 

Take a series of such points Q on a sphere of radius a with 
center at the origin, and let us find the mean values of E and 
H for points Q on this sphere. 

Using a well known theorem relating to the mean value of 
a wave-function over the surface of a sphere { we find that 


* It may be remarked also that the whole momentum may be regarded 
as associated with the light-dart. It is in the direction of the axis of z 
and its magnitude may be derived from that of the energy by dividing by c. 
The amount of energy associated with a light-dart will depend, of course, 
on the properties of the atom from which the energy was radiated and 
there is no reason why it should not be equal to hv, where » is the frequency 
associated with the function f and h is Planck’s constant. 

t See Rayleigh’s Sound, vol. II, Appendix. 
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at points outside the cylinder 2? + 7? = a?, the mean values 
of the field-vectors have components 


(1-1), 
(6) < c 
H, =0, 


Petty, tz, 


where 


The mean values of E and H inside the cylinder are more 
difficult to find but we shall not need them. 

The mean values for concentric spheres within the first one 
can be found in the same way, and we may infer that for a 
radially symmetric distribution of primary singularities inside 
the first sphere, the field outside the cylinder 2? + y? = a? 
is given by components of the above type but with a different 
function F. 

The density of energy in the field is 


and so the field energy outside the cylinder is given by the 


expression 
7 2 
c 
2 
c dr 


where @(— ©) = 0; then the integral, which we shall call J, 
takes the form 


Let 


J 
i 
1 r\ 
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dé a 


Integrating by parts, we find that * 


(7) I | sin? 9 tan; F(t dé. 


By putting z = a ctn 8, this integral may be transformed into 
an integral taken over the boundary of the cylinder, and 
finally into an integral over the region inside the cylinder. 
Hence it follows that the whole energy can be expressed as an 
integral taken over the region occupied by the electric charges, 
and so can be associated with the light-dart. 


4. Second Example of a Field Radiating in All Directions. 
The field (5) is a particular case of a more general type of 
field in which the primary singularity (£, 7, £) moves in an 
arbitrary manner with velocity less than ¢ and the direction 
of projection of the electric charges forming the light-darts 
varies with the time. 

By superposing different fields of this general type other 
types of field may be derived by a process analogous to 
differentiation. The following type of field is of special 
interest: 

Let 7 be defined in terms of 2, y, z and t by the equation 


[ze — &(r)P+ fy 


and let 
_ 06, 7) _ 7) _ 7) 
8) _ 10, 7) _ 10(6, 7) _ 10(, 7) 
calz,t) cdy,t) ca(z, | 
U =1IX+ mY+nZ — epT, 


-cp’T, 


* The flow of momentum may be represented by a similar integral with 
(1/c) eos? @ instead of cos 6,for we need consider only the z-component of 
momentum, the z- and y-components of the total flow of momentum being 
zero by symmetry. It should be noticed that each element of J is positive. 
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where 
X=2-§, Z=2-, 


and where /, m, n and p are functions of 7 connected by the 
relation 


P+ m?+ n? = p’. 


The symbols l’, m’, n’, p’ are used to denote the derivatives 
of 1, m, n and p with respect to r. 

The field thus specified has a primary singularity which 
moves according to the law 


z=&r), y=n(7), 2= S(r). 


From this primary singularity a secondary singularity is 
projected in the direction specified by the direction cosines 
(l/p, m/p, n/p), and a field radiates from the different positions 
of the primary singularity. The portion of the field associated 
with any range of values of 7 vanishes completely when /, m, 
n and p are constant for this range of values of 7. If the 
direction of the singular ray oscillates as time varies, the 
light-dart will assume a wavy form and will possess a certain 
type of polarization. 

It is easily seen that E and H are perpendicular and equal 
in magnitude while the density of energy is found to be 


 _ 
UO? my + nz — 


when 


When we consider a number of such fields whose primary 
singularities are spread, with radial symmetry,* over a sphere 
of radius a, so that the singular rays at each instant all point 
in the same direction, we obtain a total field of the same 


*The primary singularities are now taken to be stationary, so that 
¢’, n’, and ¢’ are zero. 
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general nature as (8) for points outside a certain tubular * 
surface S. The function p may, however, have a different 
value. The energy outside S is now expressed by the integral 


r=3f sin 640 ar 
0 


(1 — cos w)? 


where w denotes the angle between the radius specified by 
the polar coordinates (8, @) and the singular ray corresponding 
to the value ¢ — r/e of r. 

To obtain an integrable case let us write 

l = psina cos B, m = psina sin 8, n = pcosa, 
where a is constant and 8 is a function of t — r/e. We may 
now write 


cos w = cos a cos 8+ sin a sin 8 cos (¢ — B). 
Integrating with respect to ¢, we obtain 


sin dr? B” sin® a(1 — cos @ cos 6) 


We may now integrate with respect to r by writing 


pe” = v(t 


~) = 0. 


where 


We thus obtain 


ce 0 (cos a — cos 6)* c 


where r(@) is the value of r on the boundary of the tubular 
surface, which we assume to be a surface of revolution around 
the axis of z. Integrating by parts with respect to 0, we 
obtain an integral involving the original function p’8”. This 
integral 


* The cross section of the tube will increase with the distance from the 
origin. It will be convenient to regard the tube as a surface of revolution; 
it will then not generally be completely filled with electric charges, but 
this does not matter. 


1923.] LIGHT-DARTS 393 


(cos a — cos #)? cosa — cos 


consists only of positive terms, since a < 0, and it may be 
regarded as an integral over the boundary of the tubular 
surface. Thus the energy outside the tubular surface can be 
expressed as an integral over the boundary of the tubular 
surface. This means that the whole of the field energy can 
in one sense be regarded as located within a narrow region. 


5. Conclusion. There may, of course, be a difference of 
opinion as to the physical ‘interpretation of these results. 
A point of view that seems fairly reasonable is that the 
energy calculated is really in the field when the light-dart 
produces a field, but is in the light-dart when the light-dart 
fails to produce a field owing to the absence of ether-particles 
in the immediate neighborhood of the primary singularity 
when the light-dart is being emitted from it. The mathe- 
matical expressions for the field-vectors indicate in fact that 
the field is produced at the primary singularity, but they are 
based on the assumption that the ether is a continuous 
medium, whereas in reality the ether is probably discontinuous 
and made up of entities analogous to light-darts. Quite 
possibly it is only those light-darts which fail to produce fields 
and escape collisions during emission that have sufficient 
available energy to produce the photoelectric effect. 

This investigation can be regarded as belonging to that 
class of researches in which the idea of a definite location of 
energy is discussed by considering the possibility of an additive 
distribution of stress, energy, and momentum, in which the 
total energy and momentum are zero and a radiation of positive 
energy in some directions is balanced by a radiation of negative 
energy in other directions, either at the same time or at a 
slightly different time. One type of tensor specifying such a 
distribution is easily written down. (See MESSENGER OF 
Martuematics, vol. 52 (1922), p. 125.) 
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SAME LEFT CO-SET AND RIGHT CO-SET 
MULTIPLIERS FOR ANY GIVEN 
FINITE GROUP * 


BY G. A. MILLER 


1. Introduction. Let G represent any group of finite order 
g and let H represent any subgroup of G. It is known that a 
set of distinct operators $2, $3, - ++, $, can always be so selected 
that every operator of G appears once and only once in each 
of the following two sets of augmented co-sets of G: 


H+ Hs. + Hs3 + ----+ Hs, 
H+ sH + s3H + --- + 


This theorem was proved by means of the theory of substitu- 
tion groups in the QuaRTERLY JoURNAL OF MATHEMATICS 
(vol. 41 (1910), p. 382). A few years later H. W. Chapman 
gave an abstract proof of the same theorem in the MESSENGER 
or Matuematics (vol. 42 (1913), p. 132). In view of the 
facts that this theorem relates to very fundamental properties 
of a group and that errors appear in the latter article, we 
proceed to give here another abstract proof, and to develop a 
few new related theorems, as well as a generalization of the 
theorem itself. 


2. New Proof of the Theorem. From the theory of double 
co-sets f it results that all the operators of G can be represented 
as follows: 

H+ Hs.H, (a = 2,---, ¥). 
For a particular value of a the double co-set Hs,H represents 
all the operators of a certain number p of right co-sets and the 
same number of left co-sets. A necessary and sufficient 
condition that H be invariant under G is that p = 1 for every 
value of a. Hence an invariant subgroup can be defined as 
- a subgroup which gives rise to no double co-set involving 


~ * Presented to the Society, April 13, 1923. 
+ Cf. Miller, Blichfeldt and Dickson, Finite Groups, 1916, p. 24. 
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more distinct operators than the subgroup does. Every right 
co-set contained in Hs,H has the same riumber of operators 
in common with every left co-set contained therein and 
vice versa. 

The p right co-sets and the p left co-sets involved in the 
double co-set Hs,H for a particular value of a can be placed 
in a (1, 1) correspondence in p! ways. In any one such corre- 
spondence every two corresponding co-sets have exactly h/p 
common operators. As any one of these common operators 
can be used for the multiplier of the right co-set and the left 
co-set which correspond, these multipliers can be chosen in 
(h/p)* ways after the correspondence between the right co-sets 
and the left co-sets involved in Hs,H has been established. 
Necessary and sufficient conditions that h/p = 1 are that G 
can be represented as a transitive substitution group with 
respect to H. When G is thus represented, the subgroup 
composed of all the substitutions which omit a given letter 
involves a regular group as transitive constituent corre- 
sponding to the double co-set Hs,H. In particular, H can 
contain no subgroup besides the identity which is invariant 
under G, and it cannot itself be an invariant subgroup of G 
when h/p = 1. 

A necessary and sufficient condition that the double co-set 
Hs,H for a particular value of a contain all the operators of 
G which are not found in H is that the transitive substitution 
group of degree \ to which H gives rise be at least doubly 
transitive.* In this theorem it is not assumed that this 
substitution group is simply isomorphic with G. In fact, this 
is a special case of the theorem that the number of the different 
double co-sets Hs,H is equal to the number of the transitive 
constituents in the subgroup composed of all the substitutions 
which omit a given letter of the transitive group of degree 
to which H gives rise. A proof of this theorem results directly 
from the fact that a right co-set is composed of all the sub- 
stitutions which replace by a given other letter the omitted 


* A special case of this theorem was given by W. A. Manning, Primitive 
Groups, 1921, p. 41. 
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letter in the subgroup to which H corresponds in the transitive 
group of degree X. 

The double co-set Hs,H either contains all the inverses of 
its operators or it contains no inverse of any operator included 
in it, since Hs,-'H is composed of the inverses of the operators 
contained in Hs,H. To obtain a set of operators se, 83, «++, 8, 
which may be used both for right co-set multipliers and also 
for left co-set multipliers we may therefore proceed as follows: 
Let s2 be an arbitrary operator of G which is not found in H. 
If ss does not appear in Hs. it cannot appear in s.H and 
vice versa, since the right co-sets are composed of the inverses 
of the operators in left co-sets and vice versa. If s2—! does 
not appear in //s, use it for s3. The two right co-sets Hs. and 
Hs: will then be composed of the inverses of the operators 
of the two left co-sets ss7H and s.H. If ss is in Hse each 
of the co-sets Hs_ and s2H is composed of the inverses of the 
operators found in the other. In the latter case s3 can be 
any operator of G such that its inverse is not in Hs, and it is 
not found in H + Hs. We proceed now in the same way 
with s3 as with 3s». 

This process may be continued until all the operators of G 
have been exhausted. If this were not the case we would 
reach a point when each of the two sets of augmented co-sets 


H+ Hs.+ --- + Hs,, 

H+ sH+ ---+s,H 
would be composed of the inverses of the operators found in 
the other and each of the operators of G which does not 
appear in the former would have its inverse therein. Hence 
all of these operators would appear in 


Since each of the operators of G appears in one or the other 
of the two given augmented p co-sets it results that if there 
are any additional right co-sets they can have no operator in 
common with any one of the additional left co-sets. 

An additional right co-set could therefore not appear in a 
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double co-set with respect to H which would involve an 
additional left co-set. If one of any two of the given corre- 
sponding p — 1 co-sets appears in such a double co-set the 
other must also appear therein. Hence it results that if any 
double co-set with respect to H should involve an additional 
right co-set it would also involve an additional left co-set. 
As this is impossible it follows that no additional co-set exists 
and hence p = X. 


3. Related Theorems. We have incidentally proved the 
following theorem: If the multipliers of the right co-sets, or of 
the left co-sets, with respect to the same subgroup are so chosen 
that the inverse of a multiplier 1s used as the multiplier of the 
following co-set whenever a co-set does not involve this inverse, 
and that the other multipliers satisfy the condition that neither 
they nor their inverses appear in any preceding co-set, then it 
cannot happen that there are remaining operators if all the 
inverses of such operators appear in the preceding co-sets. 

Each of the double co-sets with respect to H is evidently 
invariant under H. In fact, the p right co-sets which appear 
in Hs,H constitute a complete set of conjugates under H, and 
this is also true of the p left co-sets which appear therein. 
To prove this fundamental theorem it is only necessary to note 
the conjugates of Hs, under H. The number of these may be 
found by first finding the subgroup of H composed of all its 
operators which transform s, into some operator of Hs,. If 
t, t2, ---, t are the operators of this subgroup and if 


are the distinct operators into which s, is transformed under 
this subgroup, then s, is also transformed into 
Say Sqhe, 

under H. That is, s, is transformed into as many distinct 
operators in s,H as in Hs, by the operators of H, and vice 
versa. 

The p right co-sets Hs, ---, Hs,1: which form a complete 
set of conjugates under H evidently include s.H and hence 


om 
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they include the p conjugates of s.f7 under H. Hence we 
have the following theorem: The double co-set Hs,H is composed 
of the right co-sets which form a complete set of conjugates under 
H of the right co-set Hs. It coincides also with the complete 
set of conjugates under H of the left co-set s,H. 


4. Generalized Theorem. A double co-set of G with respect 
to two distinct subgroups does not have all the properties 
noted above of the double co-set with respect to a single 
subgroup. In particular, the former may involve the inverses 
of some of its operators without involving the inverses of all 
of them, as can readily be verified. On the other hand, every 
. right co-set involved in the double co-set H,sH. with respect 
to two distinct subgroups has the same number of operators 
in common with each of the left co-sets involved therein, and 
vice versa. This follows directly from the fact that the 
operators of sH/,s are equally distributed in the left co-sets 
with respect to H» of the double co-set s“H,s-H.. The 
double co-set H,sH, involves a certain number of right co-sets 
with respect to H; and a certain number of left co-sets with 
respect to H». Since the operators of each of these right 
co-sets are equally distributed among all of these left co-sets, 
and vice versa, it results that zt is always possible to select the 
multipliers in such a way that those of the right co-sets contained 
in H,sH. are the same as those of the left co-sets contained therein 
whenever H, and H. have a common order, and that all the 
multipliers for the larger subgroup are included among those for 
the smaller when they have different orders. 

This theorem may be regarded as a double generalization 
of the one noted in the opening paragraph. In fact, when 
H, and H, have a common order but are distinct groups, the 
present theorem includes the former, and when H; and H2 
have different orders there results a further generalization. 
Hence the present note furnishes a generalization as well as a 
new proof of the theorem in question. 

Tue University oF ILLINoIs 
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THE SECOND MEAN VALUE THEOREM FOR 
SUMMABLE FUNCTIONS * 


BY M. B. PORTER 


We start with the following lemma: Jf f(x) is summable 
over the interval (a, b) and hence has an indefinite integral F(x) 
over (a, x), a = 2 =), then 


h—>0 J, h h 


provided that f(x) is right (or left) continuous at the ends of 
the interval. 

Now let ¢(x) denote a monotone function right (or left) 
continuous at a and b, and consider the identity 


+ h)d(a + h) — F(x) dx = (I) + (ID) 
h 


where 


= — F(z) Bike, 
a 


Applying a well known theorem of Lebesgue’s to (I), and the 
first mean value theorem to (II), since we know that the 
expression [¢(a + h) — ¢(x)]/h is always of the same sign 
when a = x S J, we have 


* Presented to the Society, September 18, 1923. 
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where ¢«,’ and e,”” vanish with h. Applying the lemma to the 
last integral, we have: 


b 
F()$(b) — F(a)g(a) = 
F(&)(60) — + & 


(1) 


where lim e, = 0. 


h—>0O 


This can be written in the form 


When «, takes on the value zero, F(&), which is continuous, 
will take on for some value £, lying between a and 6, a value 
such that 


which is Weierstrass’s form of the second mean value theorem 
for integrals. 

If, for example, we suppose (2x) increasing (monotonically) 
and replace ¢(x) by A (fixed) over the interval (a, a + k) 
and by B (fixed) over the interval (6b, b+ k), leaving the 
values of (x) unchanged over (a + k, b), we can prove in 
the same way that 


f = 4 f + B f 


A=¢@)=B 


where 


over (a, b), by applying the same reasoning and letting the 
parameter k approach zero. 

From this form the usual Bonnet forms of the theorem are 
at once deducible. 


Tue University or Texas 
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ANALOGIES BETWEEN THE u,, v, OF LUCAS 
AND ELLIPTIC FUNCTIONS * 


BY E. T. BELL 


1. Historical Note. The un, v, of Lucas are the symmetric 
functions (n any real integer) 
= a” + 
a—B 
of the roots a, 6 of x? = px — q, where p, q are relatively 
prime integers, so that 
(uo, (0, 1), (v, = (2, 
and up, 0», are integers satisfying the recurrence 
Un42 = PLnt1 — 

The numerous remarkable properties and applications of 
these integers due to Lucas and others are summarized in vol. 1, 
chap. XVII of Dickson’s History. From another source it is 
known that as early as 1878 Lucas had applied principles 
similar to those of his fundamental memoir { to symmetric 
functions of the roots of any algebraic equation and that he 
had obtained the connection of these, through the intermediary 
of elliptic and abelian functions, with the theory of numbers. 
This connection is still to be sought. In 1912 the writer was 
informed by the late C. A. Laisant, at one time a trustee of 
Lucas’ manuscripts, that there was nowhere in them a vestige 
of the subject. Nevertheless Laisant recalled vividly that 
Lucas, about 1878, made a verbal communication to the 
Société Mathématique de France in which he exhibited a close 
isomorphism between three symmetric functions, of which one 
was a” -+ 6" + of the roots a, 8, y of a cubic equation 
and the elliptic functions sn, cen, dn, especially as regards a 
species of double periodicity. All traces of this communica- 

* Presented to the Society, September 18, 1923. 

f AMERICAN JOURNAL, vol. 1 (1878), p. 184. 
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tion, also the sense in which the symmetric functions were 
doubly periodic, have been lost. 

Laisant also is authority for the statement that the ultimate 
object of Lucas in his researches on recurring series was the 
demonstration of Fermat’s last theorem. He recalled that in 
1890, shortly before Lucas’ death, the latter, “in less than a 
quarter of an hour,” reduced the proof of Fermat’s theorem 
to the problem of showing that each of his symmetric functions 
had not more than two “periods.” Laisant remarked that 
at the time he perfectly followed this reduction, which was 
clear and convincing. This adds another puzzle to the many 
already surrounding Fermat’s theorem. 

In his memoir Lucas insists strongly on the isomorphism 
between his w,, 7, when g = 1 and the circular and hyperbolic 
functions. Later (Théorie des Nombres, p. 319) he obtains 
this isomorphism by a simpler method, deriving the initial 
correspondence directly from Simpson’s recurrences for the 
sine and cosine. This particular device does not seem to be 
capable of extension. The significant fact, however, appar- 
ently is that the correspondence thus established is between the 
multiplication theory of the circular or hyperbolic functions and 
Un, tn- For on page 203 of his memoir he concludes a section 
with “the demonstration of formulas of extreme importance; 
for they will serve us later as the base of the theory of doubly 
periodic numerical functions deduced from the consideration 
of symmetric functions of the roots of equations of the third 
and fourth degrees with commensurable coefficients.” These 
are the formulas (A), (A’) below. We shall see that (A’) is 
incorrect, but that (A), which is correct, corresponds to classi- 
cal formulas in the real multiplication of elliptic functions and 
to recent results in the theory of complex multiplication. 
The problem seems to narrow down to connecting (A) in 
some simple manner with the symmetric function s, = a” 
+ 6" + y", for any solution of = — + Tan iS 
of the form + + G28n42, Where a, y are the 
roots of 2°? = px*—qr+r. It may be worth noting that 
some of the elliptic functions that occur in the analogies are 


j 
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precisely those which present themselves in the conversion of 
the square root of a polynomial of the third or fourth degree 
in z into a continued fraction. In this connection we may 
also call attention to the remarks of Lucas at the end of § X, 
Théorie des Nombres, p. 508. Possibly the analogies noted 
below may offer a clue to what Lucas had in mind. 


2. Analogies with Elliptic Functions. Having proved the 
formula 
(A) Ug? — Un? = 
Lucas states that in the same way we have 
(A’) Um—1Um4+1 — = — Ag? 
where A = (a — 8)? = p?— 4q, and he puts m=n+1, 
n+ 2 in (A), getting 
( ) 2 2 = gal 


He states that “the formulas (A) and (B) belong to the theory 
of elliptic functions, and, more especially, to the functions 
which Jacobi has denoted by 0, H.” 

To see that (A’) is incorrect we need consider only the case 
in which g = 1, sothat v_, = v,. If m,n be interchanged in 
(A’) the left changes sign while the right does not. Instead 
of (A’) we should have 

To obtain the analogies with elliptic functions let 
(1) 


be an identity between the differences of a, b, c, d, «++, and 
define a function f,, , of two variables 2, y by 


(2) fe, = K(fz,1 — fu, 0), 
where k ~ 0 and / are arbitrary. Then (1) implies that 
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and, in particular, from 


(a — b)(e — d) + (b— c)(a— d) + a)(b—d) = 0, 


we infer 
(3) farfea + foefaa + feafre = 0. 


If now there exist functions g., h, such that 


4 
( ) hzhy 
where r is independent of 2, y, we have g-, = — gz, since 


fe, y = — fy,2, and (3) becomes 


(5) + + = 0. 
From its derivation (5) is a consequence of (2) and (4) alone; 
that is, (5) is implied by 

and in particular (5) is implied by 


(7) Iv — = 
which is obtained from (6) by putting k = 1= 1, hz = g2?. 
Conversely, (5) implies (7), for (5) becomes (7) when 
(a, b, c,d) = (1, 2, y, 0). 
From a given solution g, = pz of (5) and (7) we can obtain 
several more by devices familiar in the multiplication theory 
of elliptic functions. Thus, since the sum of the squares of 
the suffixes of the g’s in (5) is 2(a?+6?+c?+d?) for each term, 
Jz = 

is also a solution of (5) and (7). 

Henceforth, as in establishing the correspondence between 


Un, Vm and the circular or hyperbolic functions, we take g = 1, 
so that now 


(8) Un = — Up, In = Up. 


From the second of (8), it follows at once that g, = vz is not 


2 
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a solution of (5). If (A’) were correct the contrary would be 
the case. 


Let a, b, c, d, m, n, x, y denote real integers. Then g. = uz 
is a solution of (7), as is seen from (A), and hence also of (5), 
since w= 1. To preserve the double homogeneity of (5) and 
its consequences we retain all powers of 1 arising from special 
choices of a, b,c, d. ‘Thus the formulas (B) should be written 
= 1), 

( B’) tat Unt2 — Uni = u? 
Un? — Un? = 


Write Jacobi’s H(z) = H, H(nz) =H, (n#1). Then for 
gz = Hz, (5) becomes a well known form of Jacobi’s theta 
elation, so that H, is a solution of (7). This verifies Lucas’ 
statement that (A), (B) belong to the theory of the H function 
(with g= 1 and the above modification (B’) of (B)). A 
somewhat closer analogy is given by the solutions 


g: = =H./H*, = HAH? 


of (5), ¢~ being the familiar elliptic function occurring in the 
theory of Poncelet polygons. In these cases, analogously to 
(uo, 1) = (0, 1), we have 


(no, m) = (So, 1) = (0, 1). 
Analogies with the Weierstrassian 
a(nz) = on, (nz) = On 
are obtained by means of the well known 
¥n(2) = Yn = 


which is fundamental in the theory of real multiplication. 


For gz = Wz is a solution of (5), and (Y, 1) = (0,1). Other 
solutions are Halphen’s 


for which (Yo, Y2) = (60, 61, 62) = (0,1, 1). In transposing 
formulas relating to y, 6 into terms of wu, all powers of 4, y2 
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must be retained, since uw = 1 (when g = 1) only when p = 1. 
The solution g. = o, of (5), giving Weierstrass’ equation of 
three terms, yields analogies between u, and o,. The function 


z is that occurring in the conversion of the square root of a ~ 


polynomial of the third or fourth degree into a continued 
fraction; 6, is used in abridging the computation of Ymn. 
In this last there is a resemblance to the process by which 
Lucas converts his u,, v, formulas into others concerning 
Umz,mz- ‘The usual methods for calculating 7, as a polynomial 
in 3°, Ys can evidently be carried over bodily to the compu- 
tation of u,. More generally, we see from the foregoing 
solutions of (5) that any relation between any one of Hz, nz, £:, 
Oz, Wz, Yz, 5: for different ranks z can be transposed into a 
relation between u,’s of the same ranks. The converse does 
not hold; only such properties of u, are translatable into 
terms of H.,, ---, 6, as can be obtained from (5) alone. A 
correspondence between g’s and w’s is established by means 
of the functions — gz, ,, Uz, y of two arguments 2, y (of which 
y does not assume the value zero), 


Pz,y = Pz — Pu = Pz, 1 = ’ 
z Wy 
— 
Uz,1— Uy, 1- 
Uz"Uy 


Although Lucas did not ¢onsider uz when x is a complex 
number, we see at once that (5) is valid when q = 1, a, b, ¢, d 
are complex, and g, = u;.: It has recently been shown by 
Berwick * that the same relation (5) holds for certain functions 
¥ upon which the complex multiplication of g(z) depends. 
Thus wu, has analogies in both the real and the complex multi- 
plication of elliptic functions. 

Tue University oF WASHINGTON 


* PROCEEDINGS OF THE LONDON Society, vol. 19 (1920), p. 153. 
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SINGULARITIES OF CURVES OF GIVEN ORDER * 


BY T. R. HOLLCROFT 


1. Introduction. The following problems concerning plane 
curves are suggested by the theory of surfaces and space 
curves. 


I. To find the greatest number of cusps that may be added 


to the singularities of a plane curve of order n with x; cusps 
and 6; nodes. 


II. To find the greatest number of nodes that may be 
added to the singularities of a plane curve of order n with x; 
cusps and 6; nodes. 


III. To find the greatest number of cusps that may occur 
among the remaining singularities of a plane curve of order n 
and genus p with x; cusps and 6; nodes. 


IV. To find the least order n of a plane curve that can 
possess a given number «x; of cusps and 6; of nodes. 


These problems are all closely related to the question of 
the existence of plane curves with assigned singularities, in 
which the principal problem consists of finding the maximum 
number of cusps of a curve of given order and genus. This 
problem has been solved by Lefschetz,t who also mentions 
the first two of the above problems, but suggests only graphical 
solutions for them. The existence of curves with cusps up 
to and including the maximum has been shown by both 
Lefschetz and Coolidge ¢ for p S po, where po is the genus 
associated with a given n on the assumption that the bitangents 
and inflections are both as near zero as possible. 

As a notation for the number of singularities of any algebraic 
plane curve of order n, class m, and genus p, we shall say that 
~~ * Presented to the Society, April 28, 1923. a 

7S. Léfschetz, On the existence of loci with given singularities, TRANS- 
ACTIONS OF THIS Society, vol. 14 (1913), pp. 23-41. 


tJ. L. Coolidge, On the existence of curves with assigned singularities, 
this BULLETIN, vol. 28 (1922), pp. 451-455. 
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the curve has x cusps, 6 nodes, « inflections, and 7 bitangents. 
We shall have occasion to use the following formulas, the 
first three of which are Pliickerian: 


(1) m = n(n — 1) — 26 — 3k, 
(2) « = 3n(n — 2) — 66 — &, 


(3) 27 = 26+ (m — n)(m+ n — 9), 
(4) F = 3n(n+ 3) 


p = 2. 


The last formula, due to Professor Lefschetz,* gives the 
number of independent absolute invariants necessary to de- 
termine a curve of order n and genus p = 2 with 6 nodes and 
« cusps. 

The conditions for the maximum number of cusps of a curve 
of given order and genus are obtained by Lefschetz for certain 
limits of m in terms of a given p. If we restate them for 
certain limits of p in terms of a given n, we find that for 
Pp = Po, where po is defined by 


[polt = 3(n + 2 — V4n + 13), 


« is a maximum when is a minimum; for p< 
where 
[p:] S 3(2n — 1+ Vi6n — 23), 


« is a maximum when 7 is a minimum; and for 
= p =} (n — 4)(n — 5) and n> 18, 


« is limited by the number of independent absolute invariants 
determining the curve. 

In all four problems, let x; and 6; represent, respectively, 
the number of cusps and nodes already possessed by the curve 
of order n and let x», represent the maximum number of cusps 
that a curve of order n with 6; nodes may have. The solutions 
will now be given. 


*S. Lefschetz, loc. cit., p. 29. 

7 In this paper, the symbol [z] followed by = (2) means the largest 
(one greater than the largest if not equal) integer contained in the expression 
on the right. The interpretation not in parentheses is the usual one. 
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2. Problem I. From formula (2) we obtain, by means of 
the condition « = 0, 
(5) [km] = 3(n? — 2n — 26,). 
Substituting the value of m from (1) in (3), letting 7 = 0, 
and solving for x, we obtain 
(6) [Km] = %[2n(n — 1) — 48, — 9 — V4n(n — 9) — 86, + 81]. 
If we let F = 0 in (4), we find 
(7) [km] = 3[n(n + 3) — 2(6, + 8)]. 
For a given nm and 6, the one of these three formulas that 
gives the least value of x» determines the maximum number 
of cusps that curve can have. 

It is now necessary to find the limits of 6, for which each 
of these formulas applies. If 

= 2(n — 2)(n — 4), 

the curve may be rational and have all the rest of its double 


points cusps. The limit (5) holds for 0 = p = po and for 
these curves 


[5] = 3(m — 2)(m — 4) — 4p. 
Replacing 6 by 6, and eliminating p from this formula and 
the upper limit for p, we obtain 
8; = 4n (n — 10) + 2V4n + 13. 
To find the lower limit of 6, for formula (6) when n > 13, 
eliminate p from the inequality for p, and the formula for 6, 
when p = p,, 
= 3(n — 4)(n — 5) — 2p. 
This gives 
§, = 3(n — 2)(n — 11) — V16n — 23. 
The complete solution may now be stated as follows: 
If 
5, = 3(n — 2)(n — 4), 
Km = 3(n — 1)(n — 2) — 6. 
If 
3(m — 2)(n — 4) Bb, = 3n(m — 10) + 2V4n + 13, 
[Km] = $(n? — 2n — 
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If 
= 0 for n = 13, 
i Vin + 13 = 3(n — 2)(n — 11) 
— 10) + 2V4n+ 13> 6, 
for n> 13, 
[km] = 2[2n(n — 1) — 46, — 9 — V4n(n — 9) — 86, + 81]. 
If 


1(n — 2)(n — 11) — V16n — 23 =8,=0 for n> 13, 
[km] = i[n(n + 3) — 26: + 8)]. 


In any of these cases, the number of cusps that may be added 
iS Km — ki, and there may be one additional node if xm is not 
diminished by substituting 6, + 1 for 6; in the limit for km. 


3. Problem II. Let 6,, denote the greatest number of nodes 
(including 6,) that the curve of order n with x; cusps can have. 
Solve the three formulas (5), (6), (7) for 6 in terms of n 
and «x, and find the limits of x; for which they hold in the 
same way that the limits for 6; were found in the preceding 
problem In this case there can be no additional cusps. 
The results are as follows: If x, = 3(n — 2), we have 


8 = — 1)(n — 2) — 


If 
3(n — 2) =m = 3(2n — V4n + 13), 
[5m] 3[3n(n — 2) — 
If 
=in(n—2) for 
8(2n — V4n + 13) < “| = 3(8n — 19+ V16n — 23) 
for n> 13, 
[6m] = 3(n? —n — 3K, —5 V3x, — 8n + 25). 
If 


— 19+ Vi6n — 23) = x, + 3n — 16) 
for n> 13, 
[5m] = + 3n — 16 — 


In any case, the number of nodes that may be added is given 
by the difference 5,, — 6:. 
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4. Problem III. In this problem p, x, and 6, must satisfy 
the inequality 


—1)(n —2) = p = 3(n — 1)(n — 2) — — 


The problem is solved by noting that the maximum number 
of cusps depends only on n and p when 


S 3(n — 1)(n — 2) — km — 

and when 6; equals or exceeds this limit, all the remaining 
double points may be cusps. The following formulas result: 
If 

V4n+ 13), 
and 

= — 2)(n — 4) — 4p, 

[km] = 3(n + 2p — 2). 
If 

3(n + 2 — V4n + 13) < pS }3(2n —1+4+ Vi6n — 23) 
and 

— + 13 — 6p + V24p — 8n + 25), 

[km] = 2(n + p) — 3(11 + V24p — 8n + 25). 


If 

3(2n — 1+ Vi6n — 23) S p = }(n — 4)(n — 5) 
and 

5: S — 4)(n — 5) — 2p, 

Km = 3n+ p — 9. 
If 

p > i(n — 4)(n — 5), 
or if 6; equals or exceeds any of the above limits, 
Km = 3(n — 1)(n — 2) — 6, — p. 

In any case, the number of cusps that may be added is km — k, 


and the additional nodes, if any, that belong to the curve, 
are given by the formula 


5 = 3(n — 1)(n — 2) — km — 5 — p. 
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The solution of the problem, to find the maximum number 
of nodes that may occur among the remaining singularities of a 
curve of order n and genus p with x, cusps and 5, nodes, is 
evidently always 

bm — 6: = 3(n — 1)(n —2) — p, 
since p cannot be less than the genus of a curve with x cusps 
and the maximum number of nodes. 


5. Problem IV. For a rational curve we have 
(8) = 3(n — 2)(n — 4), 
(9) ki = 3(n — 1)(n — 2) — &. 
Solving (9) for n, we have 
n = 3[3+ + 6) + 1). 


Substituting this value of nm in (8), and solving for 6, we 
obtain 

= — 3), 
which gives the relation between 6; and x; for which the above 
formula holds. 

When 6; < 2x;(x; — 3)/9 the curve cannot be rational and 
we must consider three cases, 0 = p S po, po < p S i and 
p=. For p= po the maximum number of cusps occurs 
when the number of inflections is a minimum. Solving the 
inequality resulting from equation (2) for n, we find 


[n] = 313 + + 66: + 
Eliminating p and n from the inequality defining pp and the 
two inequalities 
[(6:] = 3(m — 2)(n — 4) — 4p, 
[x] $(n + 2p — 2), 


which give the nodes and the maximum number of cusps for 
Pp = po, we obtain 


= — 21) + + 


If po < p S py, the maximum number of cusps occurs when 


c 
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the number of double tangents isa minimum. If we attempt 
to solve the resulting inequalities in «1, 6; and n for n, we are 
led to the quartic equation 


n* — — + 261) + 9]n? + + 26, + 9)n 
+ (3K: + 26:)(8«: + 26: + 9) + 26, = 0. 


A general solution of this equation is too involved to be of 
use as a formula, but the value of n for given values of % 
and 6; can be found as the least positive real root of this quartic 
when that root is an integer, or the integer next larger when 
the least positive root is irrational. 
If 
— 21) + 2m, V3 (mr + 3)] > =O, 


and x, = 50 the foregoing formula applies. If «x, > 50, how- 
ever, the lower limit for 6, for which the foregoing formula 
applies, is not zero, but we cannot find it in general, since it 
involves the solution of two quartic equations. 

If x; > 50, and 4, is less than this lower limit, p > p,, and 
the least value of n is obtained by eliminating p from the two 
formulas 

ky = 38n+ 9, 
p =3(n — 1)(n — 2) — 


Solving these for n, we have 
[n] = 4(V16«, + 86, + 73 — 3). 


The inequality sign is introduced in the result because 6; may 
not have the value that will satisfy the equality. 

In general, when it is desired to find the least order n of a 
curve that can possess a given number x; of cusps and 6; of 
nodes, we may proceed as follows. If 


[n] = 3[3 + + 6) + 1). 


If 
2 (ki 3) => = 21) 2x, V3 (ki 3)], 
[n] = 313 + V3(3 + 66; + 8x). 


If 
— 21) + 2: + 3)] > and S50, 
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n is given as the least positive real root, if that is an integer, 
or the integer next larger than the least positive irrational 
root of the quartic 
n* — 2n* — [2(3x, + 26:) + 9]n? + 2(3x: + 26, + 9)n 

+ (3x: + 26:)(3«: + 26, + 9) + 26, = 0. 


If x; > 50, determine n by the inequality 
[n] = 3(V16«; + 86, + 73 — 3). 


If p = p, for this value of n and the given values of x; and 61, 
this is the correct value for n; but if p < p,, this formula 
does not apply, and m must be determined from the quartic 
equation as above. 

When 6, = 0, the solution is more simple. For n = 13, 
the maximum number of cusps is given by [x] = 3n(n — 2). 
Hence, solving this inequality for n, we have 


[n] V3xn,+1 for ki = 50. 
For n > 13, 
[x] = in(n + 3) — 4. 


Solving for n we obtain 
[n] =3(V16q-+73—3) for «> 50. 


In the foregoing results, nothing has been said as to the 
relative positions of the double points. None of the curves 


can have more double points than has been assigned them, 


but in certain cases some of these double points may unite to 
form points of higher multiplicity. When the genus does not 
change, one additional independent absolute invariant is 
imposed on the curve for each increase in the multiplicity of 
a point by unity. For these curves, the only restriction on 
the coincidence of double points is that the total increase in 
multiplicity shall not exceed 3n ++ p—9-—k. For p< p, 
this allows a certain number of coincidences, but for p = 7, 
all the double points assigned must be distinct for a proper 
curve. 
WELLS COLLEGE 
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THE HURWITZ-COURANT FUNKTIONENTHEORIE 


Vorlesungen tiber allgemeine Funktionentheorie und elliptische Funktionen. 
Von Adolf Hurwitz. Herausgegeben und erginzt durch einen Ab- 
schnitt iiber geometrische Funktionentheorie, von R. Courant. Berlin, 
Julius Springer, 1922. vi + 399 pp. 

The present volume is the third of a series * of mathematical mono- 
graphs under the editorship of R. Courant, which was inaugurated in 1921 
with the first volume of Blaschke’s Vorlesungen riber Differentialgeometrie. 
The announcements of the series and the initial volume have been such 
as to lead one to expect thoroughly modern and otherwise valuable treat- 
ments of the subjects considered, and it is therefore with disappointment 
that one examines the present volume, in spite of certain merits which 
it has. 

According to the preface, the first two parts are the lecture notes of 
Hurwitz, almost unchanged, written from the Weierstrassian standpoint. 
The third part is by Courant, and is based on the ideas of Riemann. 
Thus one is prepared for differences, but hardly such striking differences 
as are found. In fact, so lacking is organic connection, so dissimilar in 
spirit are the works of the two authors and so different their qualifications, 
that one can only regard the volume as two books printed as one. 

Part I consists of 131 pages, devoted to the general theory of functions, 
the power series being the basis. Cauchy’s integral theorem is introduced 
and used effectively, somewhat beyond the middle of the treatment—it 
might have been employed earlier with profit. The ground covered is 
surprisingly extensive; this is partly due to the fact that a knowledge of 
the foundations of the theory of functions of a real variable is presupposed, 
and partly to a rare skill in the arrangement, and a willingness on the part 
of the author to forego extreme generality in his theorems. The style is 
lucid and the reviewer noticed no faults in the logic. A sketch of the 
contents follows: complex numbers and their representations on plane and 
sphere; power series, their circle of convergence, reckoning with them, 
their identical vanishing, their continuation, their differentiation and 
integration; the notion of analytic function; the elementary functions; 
integration, the theory of residues, Laurent series, and related questions; 
meromorphic functions, the Mittag-Leffler theorem on the partial fraction 
development of a meromorphic function, the factorization of transcen- 
dental integral functions; the inversion of power series and the Lagrange 
series. 

Part II comprises 112 pages on elliptic functions, also lucidly written, 
and abounding in valuable results and formulas. The transition from 
Part I is made naturally, by a consideration of the properties of the general 
periodic meromorphic function. The salient topics which follow are: 
the Weierstrass function y(u), the invariants connected with it, the ex- 


* Die Grundlehren der mathematischen Wissenschaften in Einzeldarstell- 
ungen mit besonderer Berticksichtigung der Anwendungsgebiete. 
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pression of the general elliptic function in terms of ¢(u) and its derivative; 
the function o(u); the theta functions; the functions sn u, cn u, and dn u; 
the elliptic modular functions; the uniformization of certain algebraic 
relationships; the elliptic integrals; the Landen transformation. 

In marked contrast to the first two parts, Part III (149 pages) aims at 
a high degree of generality. It gives the impression of being the work of 
a mind endowed with fine intuitive faculties, but lacking in the self- 
discipline and critical sense which beget confidence. The progress in 
geometric function theory of the last two decades, and the need of a 
systematic exposition of the results, have been such as to lead to the hope 
for an adequate presentation here. What is found may, indeed, serve as an 
indication of some of the directions which modern investigations have 
taken—in fact, a very interesting one. But the proofs offered often 
leave the reader unconvinced as to their validity and, at times, uncertain 
as to whether they can be made valid. 

The initial paragraphs of Part III are devoted to line integrals, Green’s 
theorem, and the mapping properties of the general analytic function. 
A stationary flow of an incompressible fluid is defined, according to the 
author, by a vector field, without restriction. ‘The integral over a closed 
curve of the normal component of the field is declared to represent the 
diminution of the quantity of the fluid (Fliissigkeitsmenge) in the region 
bounded by the curve per unit of time! (One is tempted to ask, 
first, whether quantity means volume, or mass; and, secondly, in what 
sense the quantity of fluid within the circle xz? + y? = 1, whose velocity 
field is given by u = z, v = y, diminishes by 27 units per second.) This 
may serve'as an example of the author’s interest in the “besondere Beriick- 
sichtigung der Anwendungsgebiete” of the announcement of the series. 
A second treatment of Cauchy’s integral theorem, and of the logarithmic 
function exhibits a lack of correlation with the first part of the book. 

The boundary value problem of potential theory for the circle is treated by 
Poisson’s integral and a Cesirosummation. There follows an acceptable dis- 
cussion of the mapping properties of the elementary functions, of the elliptic 
integral of the first kind, a study of the process of analytic continuation by 
reflection, of the functions connected with the triangle with straight or 
circular segments as sides, the differential equation satisfied by the func- 
tions connected with polygons of circular ares, and Picard’s theorem. 
The theorem of Darboux that if ¢ = f(z) is regular within a region B 
bounded by a regular curve C, and continuous in the closed region, and if 
¢ = f(z) maps C on a curve C’ without double points, then this function 
maps the interior of C on the interior of C’ in a one-to-one manner, 
is left half proved. The statements (pp. 299-300) as to the generalizations 
of the principle of analytic continuation by reflection are, to say the least, 
insufficiently grounded. 

The concluding chapter constitutes the central, and most interesting, 
portion of Part III. The fundamental mapping theorem is attacked in 
the form: the general simply or multiply connected open continuum can 
always be mapped onto a “Schlitzbereich,” i.e., the whole plane bounded 
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by certain straight line segments all lying on a set of parallels.* The 
proof of the theorem, to which 26 pages are devoted, is, in the nature of 
things, difficult. It is here attacked by the method of minimizing a 
Dirichlet integral. While there are a number of places where statements 
are unsubstantiated, the impression is left that the methods are in general 
direct and well chosen, and that a revision of the treatment so as to com- 
plete a real proof would be a possible and worth while labor. Itis rather 
in the extensions that more serious doubts assail one. 

The later sections of the chapter take up abelian integrals and algebraic 
functions on Riemann surfaces, the general problem of uniformization, 
and the conformal mapping of multiply connected surfaces on each other. 

The reader who wishes an orientation with respect to geometric function 
theory, and who will not be misled as to validity of proofs, will find Part III 
interesting, and even stimulating. There are excellent possibilities ahead 
for a revision. The proof reading has been well done, and the typography 
and general appearance of the book are models of excellence. 

O. D. 


CORRECTIONS 


BY HAROLD HILTON 


In the article on pages 303-308 of the July issue of this BULLETIN 
(vol. 29, No. 7) the following corrections by the author were received by 
the editors after the final proofs had been returned to the printers. 

On page 304, in line 13, change (p — q)/q to (p — q)/p. 

On page 304, in line 23, change ¢ to w. 

On page 305, in line 19, change Kwe to Kz/e; and change e~***/e sin kre 
to e~Krtle sin (kz/e). 

On page 305, in line 3 from the bottom, change T to r. 

On page 308, omit entirely lines 10-13. 

On page 308, in line 3 from the bottom, change (3), (4) to (8), (9). 

Beprorp CoLLEGE, REGENTS Park, LONDON 


* The open continuum in question is supposed to be of finite connectivity 
in the proof offered. Later it is asserted that the theorem admits of 
generalization to the case of infinite connectivity, but we are not told 
what becomes of the Schlitzbereich. 
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SHORTER NOTICES 


Vorlesungen tiber die Grundztige der mathematischen Statistik. 2d edition. 
By C. V. L. Charlier. Lund, Verlag Scientia. 125 pp. : 
During the past two decades there has been a considerable advancement 

in the mathematics of statistics by workers in the countries of northern 

Europe. The results of their activity have been rather slow in coming 

to the attention of Americans because most of the work has been published 

in one of the Scandinavian languages or at least in Scandinavian journals. 

Of these workers, Charlier is one of the best known. In his published 

memoirs he goes back to pre-Gaussian times and builds up a logical science 

of statistics from a few principles from Laplace, making much use of the 
theory of the superposition of small errors. 

The little book under review sums up the results of his work. It is 
not a treatise or a text-book but simply a book of directions for applying 
his methods to statistical data with many problems worked out in detail. 
For mathematical details the reader is referred to the original articles. 
The book begins with the usual discussion of the arithmetic mean, 
measures of dispersion and probable error, using Charlier’s own self- 
checking plan of computation. Then follows a very clear discussion, 
well illustrated by examples, of the series of Bernoulli, Poisson and Lexis 
leading to the notions of “iibernormal” and “unternormal”’ dispersion of 
Lexis and to Charlier’s “coefficient of disturbancy,”’ a measure of the 
effect of causes which cannot be explained by the theory of probability. 

To American readers the most interesting part of the book is that 
dealing with Charlier’s two representations of frequency curves. Type I 
curves are represented by 


F(x) = Bogo(x) + Bsgo’’’ (x) + Bagol¥(x) 
where 


= ,-27/2 


and the prime marks denote differentiation. Type II curves are given by 
F(x) = N[v(z) + v2d*y + + ---], 
where 
z! 


¥(z) = and Ay = ¥(z) — ¥(z — 1). 


In the text Charlier outlines plans of the numerical work for calculating 
the constants 8, A, and y, and carries out the computations for two fre- 
quency distributions. One of the most interesting questions in mathe- 
matical statistical circles at present is the analytical representation of 
frequency distributions. In this country and in England Pearson’s 
methods have long held sway, and now comes a rival, Charlier. It seems 
logical to think that Charlier’s methods should give a better fit than the 
more empirical and pragmatic methods of Pearson, but actual tests do 
not always bear this out. Experience alone will tell us which method is 
best in actual service. 

The last three chapters in the book are devoted to the theory of corre- 
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* lation, first the general theory and then that for four-fold tables. Chapter 


XIII is a tantalizing chapter. It begins with the statement that two 
phenomena are correlated, when in whole or in part they are the resultants 
of the same elementary causes, and then simply gives the ordinary product- 
moment formula for the correlation coefficient with plans for calculating 
the various constants. 

Interested students will find Charlier’s methods discussed in consider- 
able detail in Arne Fisher’s recent work, The Mathematical Theory of 
Probability. 

A. R. CraTHorNe 


Théorie Mathématique des Phénoménes Thermiques produits par la Radia- 
tion Solaire. By M. Milankovitch. Paris, Gauthier-Villars, 1920. 
xvi + 340 pp. 

This book is of great interest in several respects. It is written by a 
Serb and was interrupted by war when the author was taken prisoner by 
Austria-Hungary. Granted the freedom to pursue his work the book was 
completed owing to the courtesy of the Hungarian Academy of Sciences. 
But its greater title to interest is that, apparently, it is the first complete 
treatise on the thermal effects of solar radiation treated from a systematic 
point of view. 

At the first stage the problem is considered of the amount of heat 
received per unit area on a rotating planet devoid of atmosphere with a 
sun fixed in distance and direction. Account is then taken of the elliptic 
orbit and obliquity of the ecliptic to determine the “radiation-constant”’ 
day by day. In particular, the amount of heat received in each season of 
the year is expressed by formula. 

Up to this point the work is practically a branch of celestial kinematics. 
At the next step the loss of radiation due to absorption by an atmosphere 
etc. is considered, especially as it tends to diminish the intensity of oblique 
rays. This factor has a large influence on the temperature of points near 
the arctic circle. It is due to this factor that a variation in the obliquity 
of the ecliptic may produce large changes in the climate of higher latitudes. 

Passing over an excursion relative to the effect of conduction of heat in 
the solid crust, the next topic is the determination of the loss caused by 
the atmosphere. This loss consists partly of scattering in the air, and 
reflection by clouds and by the surface of the earth, partly by true absorp- 
tion with re-emission at a much longer wave-length. One outstanding 
fact is that the atmosphere absorbs far more of the outwardly emitted 
long-wave radiation than of the incoming visible light. 

To give a mathematical theory it is necessary to consider the thermal 
mechanics of gases. Two simplifying assumptions may be made. Of 
these, adiabatic equilibrium is shown to lead to results quite out of keeping 
with observation. On the other hand, the assumption of temperature 
equilibrium under absorption and emission of radiation appears to fit the 
facts well, and when there are two gases with distinct properties a reversal 
of temperature gradient is shown theoretically to be possible. A particular 
example is given by a mixture of oxygen and carbon dioxide such as 
that actually in the atmosphere. 
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Finally the theory is applied to the special case of the earth and, also, 
to the three other minor planets, and for the earth numerical tables are 
given. The question of glacial periods is handled in a moderate spirit, 
critically and without controversial prejudice. Since glaciation is not 
caused by cold winters (cf. Siberia) but by long and cold summers (that is, 
by cool periods of precipitation) the effect on temperate climates of a 
variation in the obliquity of the ecliptic combined with a high eccentricity 
of orbit may be quite large. 

Stockwell’s formula for the variations of e and ¢ are used to calculate 
the amount of heat received each season and the length of each season for 
the 500 millennia before 1850. This formula is of so complicated and em- 
pirical a form that one can have little confidence in the extreme degree of 
extrapolation which such a use implies. It would seem to be enough, 
however, to warrant the conclusion that glacial epochs could be explained 
if the variations have been in the past slightly greater than those given 
by the exact formula. 

The author is to be warmly congratulated on such a thorough and critical 
attack on the problem of ‘‘mathematical climate.’”’ The book can be recom- 
mended, not only to meteorologists, but also to those who enjoy the clearing 
up of new fields in physics by the use of straightforward mathematics 
with numerical determinations. It would exert a broadening influence on 
a student of mathematical physics in whose hands it might be placed, 
since it combines problems from several distinct fields. 

P. J. DANIELL 


Géométrie Descriplive. By Gaspard Monge. Augmentée d’une Théorie 
des Ombres et de la Perspective, extraite des papiers de l’auteur par 
Barnabé Brisson. PartsIandII. Paris, Gauthier-Villars, 1922. xvi + 
144 + 138 pp. 

These reprints, appearing in the series Les MairresS DE LA PENSLE 
ScrENTIFIQUE ably edited by Maurice Solovine, are of special interest to 
Americans for the reason that the descriptive geometry created by Monge 
was among the earliest mathematical creations of the French which reached 
the United States; it was taught at West Point in the first quarter of the 
nineteenth century. Monge’s descriptive geometry was first published in 
the year VII (1799), but the present reprint is from the fourth (1820) 
posthumous edition which included also material on shadows and perspec- 
tive, selected by Brisson from Monge’s then unpublished papers. Of 
interest is Monge’s estimate of the value of descriptive geometry: “If in 
all the larger towns there were established secondary schools, in which 
young men of the age of twelve years who look forward to practicing some 
one of the trades should be trained during two years in graphic construc- 
tions and become acquainted with the principal phenomena of nature, 
a knowledge of which is indispensable to them, this training, in developing 
their intelligence and giving them the habit and the sentiment of precision, 
would contribute in the surest manner to the progress of national industry.” 

Fiorian Casori 
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Differential-und Integralrechnung. Band I. Differentialrechnung. By 
Ludwig Bieberbach. Leipzig and Berlin, B. G. Teubner, 1922. vi 
+ 131 pp. 

This little book is one of the series known as Teubners Technische 
Leitfaden. It is indicated in the announcement of this series that the 
purpose is to give to the reader, in brief and practical yet accurate form, 
the most essential points of the subjects treated. The book under review 
seems to accomplish this purpose admirably for the subject “of differential 
calculus.” 

The book contains the following chapters: I, Der Funktionsbegriff; 
II, Der Zahlbegriff; III, Unendliche Reihen; IV, Stetige Funktionen; 
V, Differentialrechnung; VI, Einige geometrische Anwendungen; VII, 
Die Taylorsche Formel; VIII, Unbestimmte Formen; IX, Beispiel einer 
stetigen nirgend differenzierbaren Funktion; X, Funktionen von zwei 
Variablen. 

The topics thus indicated (together with the integral calculus) are 
about the same as those sometimes given to students in this country under 
the title, Second Calculus. The treatment, however, is quite brief, and 
somewhat more informal than usual. Many will no doubt regard this as 
a distinct merit. 

The very critical can easily raise objections here and there. Some will 
think it particularly disadvantageous to regard yZ as a double valued 
function, as the author does on page 1. Again some will wonder if they 
are to infer, from the definition of continuous function (page 56), that a 
continuous function must be single valued. If so, the statement on page 
61, line 3, that Vz is continuous would imply that this function is also 
single valued, contrary to the statement at foot of page 1. But if this is 
not intended, then the f(x) in Rolle’s Theorem (page 82) should be re- 
quired to be eindeutig. There are not many, however, who will be misled 
by small faults of this character, and in the main, the reasoning is clear 
and accurate. The literary style is, throughout, particularly pleasing for 
a work on mathematics. 

There are occasional misprints. In line 19, p. 52, occurs Interfallanfang 
for Intervallanfang, and in line 4 of Satz 2, page 58, is found f(x) = m, 
instead of f(x) — m. The reference to page 8 in the index after the words 
“maximum” and “minimum” also seems erroneous. 

Louis IncoLp 


Kraftarien und Bewegungsformen. By Max Méller. Braunschweig, 

Friedrich Vieweg und Sohn, 1922. viii + 148 pp. 

This little book contains a classification and study of the various kinds 
of mechanical force, work, impulse, and energy. The theory is presented 
in clear and simple form with numerous applications to gases, liquids, and 
solids. Many of the examples are carried through to a numerical con- 
clusion with a careful statement of the units in which the various quantities 
are expressed. It should prove useful in connection with courses in me- 
chanics which are often presented in too abstract a fashion to give perfectly 
clear and concrete notions of the fundamental quantities involved. 

H. B. 
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Frequency Arrays. By H. E. Soper. Cambridge, University Press, 1922. 

48 pp. 

This booklet gives a very condensed treatise upon the advantages to be 
gained in the use of “symbols bearing an objective or logical significance”’ 
in the study of statistical and other distributions. No attempt has been 
made to establish any new results, but any knowledge of the mass of 
results treated here, and the fact that the treatment is restricted to less 
than fifty pages, should produce faith in anyone in the power and possible 
conciseness of the method of attack recommended by the author. 

No one is advised to try to read this booklet ‘who is not already familiar 
with most of the work and results of Pearson and his disciples, for it 
contents itself for the most part with the very concise reproduction of 
most of the most important results of Pearson and others, with practically 
no explanation of those results. This is no criticism, of course, because 
the book is designed for the use of the advanced student who is interested 
in research in statistics and who desires a very concise method of attack. 
The book then will be of little or no use in any undergraduate course in 
statistics, even as a reference book. For this reason it would perhaps be 
well for the reviewer to limit further account to a mere list of some of the 
most important topics included: 

Moment arrays. 

Binomial, Poisson, Gaussian, exponential and gamma types of fre- 
quencies; including the simple, multiple and general Gaussian 
distributions, the correlation surface, multiple correlation, Gaussian 
derivatives, Thiele derivatives, tetrachoric functions. 

Sampling without replacement and partitioning a limited population. 

Hypergeometric and kindred frequencies; including moments of hyper- 
geometrical frequencies and of the double hypergeometrical series 
of frequencies. 

Geometrical distributions; Samples of vectors; Random migration; 
including polar symbols in two dimensional distributions, circular 
distributions and vector sampling, moments of tensors of circular 
distributions, the symmetrical Gaussian, circular area, uneven 
distribution of points on a circle, single points, non-circular distri- 
butions and vector sampling, polar symbols in three dimensional 
distributions, spherical distributions and vector sampling, fortuities 
of resultant tensor when n randomly selected tensors are set in 
random directions in a space of s dimensions. 

C. H. Forsyts 


Atomes et Electrons. Institut International de Physique Solvay. Rapports 
et discussions du Conseil de Physique tenu 4 Bruxelles du ler au 6 
avril 1921. Paris, Gauthier-Villars, 1923. 8 + 273 pp. 

The International Institute of Physics was founded in 1912 by Ernest 
Solvay for the object of encouraging physical research. One of the means 
of accomplishing this object was the organization of international con- 
gresses, with a limited number of participants, meeting at Brussels from 
time to time. 


i 
} 
‘ 
| 


1923. ] SHORTER NOTICES 423 


This volume is the third that has been published, containing the papers 
read, and the discussions regarding them, at the Congress of 1921. The 
two former volumes were entitled La Théorie des Rayonnements et les Quanta, 
published in 1912, and La Structure de la Matiére, published in 1921. 
From the titles of these volumes it will be seen that the three congresses 
that have already been held have been concerned with questions that are 
of the greatest interest in the present state of physical science. 

The volume under review begins with a paper on the Theory of electrons, 
by Lorentz, and includes a discussion of effects due to the rotation of 
electrons. Sir Ernest Rutherford reports on the structure of atoms with 
particular reference to the interpretation of his experiments on atomic 
disintegration as a result of collisions between atoms and rapidly moving 
a-particles. The experimental results, which, at present, can be interpreted 
only with the aid of the hypothesis of energy quanta, hy, are described by 
de Broglie. Kamerlingh Onnes has two reports; one on paramagnetism 
at low temperatures, considered from the point of view of the constitution 
of the elementary magnets, and a second report on the superconducting 
state of metals, considered with reference to the Rutherford-Bohr atomic 
model. Sir W. H. Bragg reports on the result of measurements of the 
intensity of Réntgen rays reflected from diamond. Experiments on the 
angular momentum accompanying magnetization, in iron and nickel, 
which result in observing only half the effect to be expected if the elementary 
magnets are electrons circulating in closed orbits, are described by de 
Haas. Finally, there are two papers on the quantum theory; one by 
Bohr on its application to atomic problems, and another by Ehrenfest on 
Bohr’s principle of correspondence. 

A valuable feature of this volume, as well as the preceding ones, is 
the discussions following the various reports. These discussions, some- 
times raising additional difficulties, and sometimes bringing out alternative 
views and new results, serve to show, not only how far from finality is the 
solution of these fundamental problems, but also the immense progress 
that has been made in recent years in proposing such problems for solution. 

E. P. Apams 


Bessel Functions. By A. Gray, G. B. Mathews and T. M. MacRobert. 

London, Maemillan, 1922. xiv + 327 pp. 

This is a second edition of the classical treatise of Gray and Mathews 
prepared by Andrew Gray and T. M. MacRobert. The general plan of 
the original treatise has been retained but many changes of detail have 
been made. The analytic work at the beginning of the book has been 
rewritten and a collection of examples has been added to each of the first 
seven chapters. More than half of the book is devoted to physical appli- 
cations, the topics treated including vibrating membranes, hydrodynamics, 
steady flow of electricity and heat, propagation of electro-magnetic waves, 
and diffraction. At the end of the book is a collection of tables and a 
bibliography of the more important treatises and memoirs. 

H. B. 
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Geschichte der Mathematik. By H. Wieleitner. I. Von den dltesten Zeiten 
bis zur Wende des 17. Jahrhunderts. Berlin, Vereinigung Wissen- 
schaftlicher Verleger, 1922. 136 pp. 

The author of this remarkable little compendium has distinguished 
himself by numerous valuable contributions to the history of mathematics. 
This work justifies the expectation of excellence inspired by the demon- 
strated ability of the writer. Particularly valuable is the summary on 
Arabic achievements (pp. 44-55) and equally valuable the discussion of 
the Latin Middle-Ages, commonly neglected. 

Up to the time of printing the material is treated by countries; the 
modern period is subdivided into the development of the older mathe- 
matics and the birth of modern mathematics. The first of these sections 
is discussed under the four topics: the spread of mathematical interest, 
the development of algebra, of geometry, and of trigonometry. The 
second section takes up the following topics: the ideas culminating in the 
infinitesimal calculus, the discovery of differential and integral calculus, 
the origin of analytic geometry, the beginning of projective geometry, the 
algebra of modern times, and further development of trigonometry. 

Highly commendable is the wise selection and the equitable distribution 
of the material. The only serious criticism which can be brought is a 
tendency to minimize the Hindu achievements, giving credit to hypo- 
thetical Greek works not yet discovered. 

For a rapid survey of the history of mathematics there is no better 
little treatise than this modest volume, priced at 25 cents, bound. 

L. C. Karprnsk1 


Introduction & la Géométrie Non-Euclidienne. By A. MacLeod. Paris, J. 

Hermann, 1922. 433 pp. 

The plan of this elementary book. is similar to that of the first seven 
chapters of J. L. Coolidge’s text (The Elements of Non-Euclidean Geometry, 
Oxford, 1909). The author has followed that text rather closely in some 
places, but in other places he disagrees with the proofs and substitutes his 
own. He presents his material in a much less condensed form and adds 
a chapter on n-dimensional geometry (a subject which J. L. Coolidge had 
purposely omitted). 

The book is gratefully dedicated to Professor G. Mittag-Leffler on the 
occasion of his seventy-fifth anniversary. 

E. B. Cowtey 


Nichteuklidische Geometrie. By Heinrich Liebmann. Dritte, neubear- 
beitete Auflage. Berlin and Leipzig, Walter de Gruyter, 1923. 150 pp. 
The first edition of this book was reviewed in this BULLETIN (vol. 13 

(1906-7), pp. 511-12). In this third edition the general plan of the earlier 

editions has been retained but the material has been further developed, 

new drawings have been made, and references have been added to books 
which have been published more recently. Thus the valuable little book 
has been brought up to date. 


E. B. CowLey 
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NOTES 


At the twentieth western meeting of this Society to be held on De- 
cember 28-29, in Cincinnati, (see p. 197, May, 1923) the headquarters for 
mathematicians will be the Hotel Sinton, where rooms may be secured in 
advance at rates from $3.00 up. 

The San Francisco Section of this Society will hold a special meeting 
at the University of Washington, in Seattle, on Saturday, December 22. 
The first session will be in Philosophy Hall, at 10 a. m. 

The opening number of volume 25 of the TRANSACTIONS OF THIS 
Society (vol. 25, No. 1, Jan., 1923), which has appeared recently, was 
printed in Hamburg, Germany, by the firm of Liitcke and Wulff, on 
account of the continued difficulties connected with the printing of scien- 
tific journals in this country. 

The opening number of volume 24, series 2, of the ANNALS OF MATHE- 
MATIcS contains: Periodicities in the theory of partitions, by E. T. Bell; 
Functionals of summable functions, by W. L. Hart; Periodically closed 
chains of reduced fractions, by A. Arwin; On certain linear differential 
equations of the second order, by F. H. Murray. 

The Class of Sciences of the Royal Academy of Belgium announces the 
following subjects for prizes to be awarded in 1924: (1) a contribution to 
the infinitesimal geometry of curved surfaces; (2) a new contribution to the 
question of the absorption of light in interstellar space. Competing memoirs 
should be presented by August 1, 1924. 

The Class of Physical Sciences of the Academy of Bologna announces 
the following subjects for a prize to be awarded in 1925: (1) a contribution 
to the theory of the uniformization of an algebraic equation f(x, y) = 0 (the 
expression of x and y in uniform functions of a parameter), or an exposition 
of the present status of the question; (2) a discussion of some important 
subject in the history of mathematical analysis in the eighteenth century. If 
no suitable memoirs are presented on these subjects, the Academy may 
consider any unpublished work in mathematical analysis. The com- 
petition closes December 31, 1924. 


The Italian Society of Sciences has awarded its gold medal for 1922 to 
Professor Gaetano Scorza, of the University of Naples, for his book, Corpi 
numerici ed algebre, and its gold medal for 1923 to Professor Leonida 
Tonelli for volume I of the treatise Fondamenti di Calcolo delle Variazioni. 


At the meeting of the Société Mathématique de France on July 11, 
papers were read by Professor Edward Kasner, on Ricci curvature and its 
generalization, and by Professor J. F. Ritt, on The algebraic functions 
which can be expressed by means of radicals. 


Professor Jean Perrin, professor of physical chemistry at the Sorbonne, 
has been elected a member of the Paris Academy of Sciences, in the section 
of physics. 
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Professor H. Villat, of the University of Strasbourg, has been elected a 
correspondent in the section of mechanics of the Paris Academy of Sciences. 

Professor Tullio Levi-Civita has been elected a foreign honorary 
member of the Royal Society of Edinburgh. 


Professor U. Cisotti, of the Technical School at Milan, has been elected 
a corresponding member of the Reale Academia dei Lincei, and Professor 
A. E. H. Love of Oxford University a foreign member. 


Professor Niels Bohr has received the honorary degree of doctor of 
science from Cambridge University, and has been elected an honorary 
member of the Cambridge Philosophical Society. 


Cambridge University has conferred the doctorate of science on Pro- 
fessor H. A. Lorentz, of the University of Leiden. 


The University of Munich has conferred an honorary doctorate on 
Professor F. von Lindemann, on the occasion of his seventieth birthday. 


At a meeting of the American Philosophical Society on April 10, the 
James Scott medal was awarded to Sir Joseph Thomson, for his work 
on the physics of the electron. 

The University of St. Andrews has conferred an honorary doctorate on 
Dr. H. W. Richmond, of Cambridge University, retiring president of the 
London Mathematical Society. 

The Tables for Interior Ballistics, which were issued some time ago in 
blue print form, have now been published in printed form, “For official 
use only,” as “Ordnance Document, No. 2369.’’ These tables were com- 
puted in the Ballistic Section of the Ordnance Department, under direction 
of Professor A. A. Bennett. They are the first tables of the sort available 
for the U. S. Army, and are made possible by the use of certain mathe- 
matical transformations discovered by Professor Bennett. They render 
obsolete the method of individual trajectory computations for interior 
ballistics, which has been hitherto the only theoretically accurate pro- 
cedure. 

The firm of Julius Springer, of Berlin, has just announced that it will 
allow a discount of 25 per cent to members of the American Mathematical 
Society and to members of the Mathematical Association of America on 
individual orders of copies of the MATHEMATISCHE ANNALEN, of the 
MATHEMATISCHE ZEITSCHRIFT, and of volumes of the series edited by R. 
Courant under the general series title Die Grundlehren der Mathematischen 
Wissenschaflen. This discount is based on the Auslandspreis, which is 
$6.40 per volume for each of the journals, so that the net cost to a member 
of either organization would be $4.80. The prices of volumes of the 
Courant series vary, of course, but they will not exceed one cent per page 
for bound volumes. 

At the recent meeting of the Deutsche Mathematiker Vereinigung in 
Marburg, the yearly dues of that organization were fixed at one-half gold 
mark. The charge for the JAHRESBERICHT remains at two dollars for 
members. 
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At the University of Paris, Dr. Gaston Julia has been promoted to a 
professorship of general mathematics. 


Professor M. Cipolla, of the University of Catania, has been called to 
the chair of higher analysis in the University of Palermo. 


Mr. G. C. Steward, of Gonville and Caius College, has been appointed 
fellow and lecturer in mathematics at Emmanuel College, Cambridge. 


Dr. John Marshall, of University College, Swansea, has been appointed 
reader in mathematics at Bedford College, University of London. 


Mr. R. Stoneley has been appointed assistant lecturer in applied mathe- 
matics at the University of Leeds. 


Professor C. E. Cullis, of the University of Calcutta, has retired from 
the Indian Educational Service, and returned to England. 


The foliowing have been appointed privat docents: at the University 
of Genoa, Dr. F. Sbrana, in rational mechanics; at the University of 
Naples, Dr. S. Cherubino, in calculus, and Dr. M. Pascal, in rational me- 
chanics; at the University of Pisa, Dr. G. Albanese, in analytic geometry, 
Dr. M. Bedarida, in algebraic analysis, and Dr. F. Cecioni, in calculus; 
at the University of Minster, Dr. M. Krafft; at the Hanover Technical 
School, Dr. A. Schur. 


Dr. V. D. Gokhale, of the University of Chicago, has been appointed 
associate professor of mathematics at the University of the Philippines. 


Professor E. A. Kholodovsky, assistant professor of mathematics at the 
Polytechnic Institute of Petrograd, has been appointed assistant in the 
Lick Observatory. 


Professor W. B. Fite, of Columbia University, Treasurer of the Amer- 
ican Mathematical Society, has been granted leave of absence for the first 
half of the academic year 1923-24. 


Professor B. H. Camp, of Wesleyan University, during his leave of 
absence for the academic year 1923-24, plans to study at the University 
of Paris and with Professor Karl Pearson at the Biometric Laboratory of 
University College, London. 


Professor W. H. Kirchner, of the department of drawing and descriptive 
geometry at the University of Minnesota, has sabbatical leave of absence 
for the year 1923-1924, and expects to spend much of his time studying 
at the University of Palermo. 


Professor Archibald Henderson, of the University of North Carolina, 
has been granted leave of absence on the Kenan Research Foundation 
for the academic year 1923-1924, and will carry on in Europe researches 
in the theory of relativity. 

Professor W. H. Metzler, of Syracuse University, has been appointed 
dean of the New York State College for Teachers at Albany. 


At the University of West Virginia, Dr. B. M. Turner, of the University 
of Illinois, has been appointed assistant professor of mathematics. 


; 
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Dr. F. W. Reed, of Cornell University, has been appointed assistant 
professor of mathematics at Ohio State University. 


Dr. George Rutledge, of the Massachusetts Institute of Technology, 
has been promoted to an assistant professorship of mathematics. 


Assistant Professor J. E. Davis, of the University of Arkansas, has been 
appointed assistant professor of mathematics at Drexel Institute. 


Mr. H. T. Davis, of the University of Wisconsin, has been appointed 
assistant professor of mathematics at the University of Indiana. 


Miss Lena R. Cole has been made head of the department of mathe- 
matics at Central Normal College, Danville, Ind. 


Dr. Nina M. Alderton has been promoted to be head of the department 
of mathematics in Mills College. 


Professor B. R. Allen, of Westmoorland College, has been appointed 
associate professor of mathematics in the Kansas State Teachers College 
at Emporia. 

Professor A. A. McSweeny, of the College of Agriculture and Mechanic 
Arts of the University of Montana, has been appointed head of the 
department of mathematics at John Tarleton Agricultural College, Stephens- 
ville, Texas. 


Professor W. W. Weber, dean and professor of mathematics at Southern 
College, Lakeland, Florida, has been appointed to the chair of mathematics 
in Lander College, Greenwood, S. C. 


Professor S. I. Jones, of Lipscomb College, has become assistant treas- 
urer of the Life and Casualty Insurance Company of Nashville. 


At Heidelberg University, Professor J. E. Pierce of James Millikin 
University has been made head of the department of mathematics. 


The following appointments to instructorships in mathematics in 
American colleges and universities are announced: 

Cornell University, Mr. B. F. Kimball; 

Heidelberg University, Mr. C. E. Stout; 

University of Michigan, Mr. B. F. Dostal; 

Southwestern Presbyterian College, Mr. M. L. MacQueen; 

University of West Virginia, Dr. M. M. Feldstein; 

University of Wyoming, Miss Minnie Holman. 


Mr. W. E. Armentrout, who had been instructor in mathematics at 
the University of Wisconsin, and was under appointment as instructor at 
Cornell University for the year 1923-1924, was struck by lightning June 
18, 1923, at Madison, Wis., and was instantly killed. 


Professor A. D. Pitcher, of Western Reserve University, died suddenly 
from heart failure at his home in Cleveland, on October 5, 1923, at the 
age of forty-three years. He had been a member of this Society since 
1910, and was, at the time of his death, an elected member of its Council. 
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NEW PUBLICATIONS 


I. PURE MATHEMATICS 


BuiascHke (W.). Vorlesungen iiber Differentialgeometrie. Band 2: 
Affine Differentialgeometrie, bearbeitet von K. Reidemeister. Berlin, 
1923. 10 + 259 pp. 

Boret (E.) et Detruem (R.). Probabilités, erreurs. Paris, Armand 
Colin, 1923. 16mo. 200 pp. 

VAN DER Corput (J. G.). Grepen uit de getallenleer. Rede uitgesproken 
bij de aanvaarding van het hoogleeraarsambt aan Rijksuniversiteit 
Groningen op zaterdag 17 maart 1923. Groningen, Wolters, 1923, 

De.ruett (R.). See Boren (E.). 

(M.). Teoremasdegeometria. Barlad, Sociedad Matematica 
Barladeana, 1923. 16 pp. 

Hexsincrors. Wissenschaftliche Vortrige gehalten auf dem finften 
Kongress der Skandinavischen Mathematiker in Helsingfors vom 
4. bis 7. Juli 1922. Helsingfors, Akademische Buchhandlung, 1923. 
4 + 315 pp. 

Kierert (L.). Grundriss der Differential-Rechnung. 14te, vollstandig 
umgearbeitete und vermehrte Auflage. Band II. Hannover, Hel- 
wingsche Verlagsbuchhandlung, 1923. 

LiepMANN (H.). Nichteuklidische Geometrie. 3te, neubearbeitete Auf- 
lage. Berlin, Vereinigung wissenschaftlicher Verleger, 1923. 150 pp. 

Mrnevr (A.). Cubiques anallagmatiques. Bruxelles, J. van Dijl, 1923. 
Lithographed. 77 pp. 

Nacet (T.). Sur la distribution des nombres qui sont premiers avec un 
nombre entier donné. Christiania, Morten Johansen, 1922. 36 pp. 

Prasap (G.). Mathematical research in the last 20 years. Presidential 
address delivered on the 31st January 1921 before the Benares Mathe- 
matical Society. Berlin, Vereinigung wissenschaftlicher Verleger, 
1923. 36 pp. 

REWEMEISTER (K.). See BLascHKeE (W.). 

von SANDEN (H.). Praktische Analysis. (Handbuch der angewandten 
Mathematik, herausgegeben von H. E. Timerding, lter Teil.) 2te, 
verbesserte Auflage. Leipzig, Teubner, 1923. 18 + 195 pp. 

Smart (L. L.). Elements of the theory of infinite processes. New 
York, McGraw-Hill, 1923. 336 pp. 

Trmerpine (H. E.). See von SANDEN (H.). 

Vavtot (A.). Congruences rectilignes qui sont en méme temps W et de 
Ribaucour. (Thése, Paris.) Paris, Gauthier-Villars, 1923. 95 pp. 

WEITzENBOcK (K.). Invariantentheorie. Groningen, Nordhoff, 1923. 

Weyt (H.). Mathematische Analyse des Raumproblems. Berlin, 
Springer, 1923. 8 + 118 pp. 

ZIPPERER (L.). Tafeln zur harmonischen Analyse periodischer Kurven. 

Berlin, Springer, 1922. 9 Abbildungen und 23 graphischen Berech- 

nungstafeln. 
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II. APPLIED MATHEMATICS 


p’ApHEMaR (R.). Statique, cinématique. (Eléments de mécanique 4 
Vusage des ingénieurs.) Paris, Gauthier-Villars, 1923. 11+254 pp. 

Auuiatta (G.). Die neueste Orientierung der Physik. 1: Sinn und 
Bedeutung des Michelsonschen Versuches. 2: Zur Theorie der Elek- 
tronenréhre. Leipzig, Hillmann, 1922. 

Amatpi (U.). See Levi-Crvira (T.). 

BEcquEkEL (J.). See Merz (A.). 

(H.). See SomMERFELD (A.). 

Bercson (H.). Durée et simultanéité; .4 propos de la théorie d’Einstein. 
2e édition, augmentée. Paris, Alean, 1923. 10 + 289 pp. 

Buarr (E. W.). See Born (M.). 

Buocu (E.). Les phénoménes thermioniques. Paris, Les Presses Uni- 
versitaires de France, 1923. 111 pp. 

Bour (N.). Ueber die Quantentheorie der Linienspektren. Uebersetzt 
von P. Hertz. Braunschweig, Vieweg, 1923. 4 + 168 pp. 

Born (M.). The constitution of matter. Modern atomic and electron 
theories. Translated from the second revised German edition by 
E. W. Blair and T.S. Wheeler. London, Methuen, 1923. 7 + 80 pp. 

CaLpERWoop (J.). See THorne (A. T.). 

Carr (H. W.). The general principle of relativity in its philosophical 
and historical aspect. 2d edition, revised and enlarged. London, 
Maemillan, 1922. 8 + 200 pp. 

Corps (—.). Les théories de la relativité dépassent les données de l’ex- 
périence. Paris, Gauthier-Villars, 1923. 4to. 43 pp. 

Cutter (L. E.). Descriptive geometry. New York, 1923. 244 pp. 

Czvuser (E.). Mathematische Bevélkerungstheorie auf Grund von G. H. 
Knibb’s “The mathematical theory of population.” Leipzig, Teub- 
ner, 1923. 16 + 357 pp. 

DacreMent (E.). Electricité. Partie I: Théorie, production, transfor- 
mation. 2e édition, mise 4 jour par L. Grininger. Paris, Dunod, 
1923. 12 + 846 pp. 

ExnsteIn (A.). The meaning of relativity. Princeton, N. J., Princeton 
University Press, 1923. 123 pp. 

ENcCYKLOPADIE der mathematischen Wissenschaften. Band VI 2 B, Heft 
1: Oppenheim, Die Theorie der Gleichgewichtsfiguren der Himmels- 
kérper; Kritik des Newtonschen Gravitationsgesetzes, mit einem 
Beitrag von Kottler, Gravitation und Relativititstheorie. Leipzig, 
Teubner, 1922. 

Erasmus Bartruouinus. Versuche mit dem doppelbrechenden Islind- 
ischen Kristall, die zur Entdeckung einer wunderbaren und ausserge- 
wohnlichen Brechung fiihrten. (Ostwald’s Klassiker der Exakten 
Wissenschaften, Nr. 205.) Leipzig, Akademische Verlagsgesellschaft, 
1922. 

DE FontvioLantT (B.). Résistance des matériaux analytique et graphique. 
Paris, Bailliére, 1923. 580 pp. 

Fucus (R.) und Horr (L.). Aerodynamik. Berlin, R. C. Schmidt, 1922. 
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Ganpittot (M.). L’étherique. Essai de physique expérimentale. 
Paris, Vuibert, 1923. 4 + 950 pp. 

GuazEBRook (R.). Dictionary of applied physics. Volume 5: Aero- 
nautics, metallurgy, general index. London, Macmillan, 1923. 7 + 
592 pp. 

Graetz (L.). Handbuch der Elektrizitat und des Magnetismus. Band 
II: Elektronen und Ionen. Leipzig, Barth, 1923. 12 + 1074 pp. 

GRININGER (L.). See Dacremont (E.). 

Hay (A.). Alternating currents; their theory, generation, and transfor- 
mation. 5th edition, revised and enlarged. London, Harper, 1923. 
436 pp. 

Henverson (A.). Relativity. Aromance of science. Chapel Hill, N.C., 
University of North Carolina Press, 1923. 66 pp. 

' Hertz (P.). See Bour (N.). 

Horr (L.). See Fucus (R.). 

DE Jans (C.). Sur le mouvement d’une particule matérielle dans un champ 
de gravitation 4 symétrie sphérique. Paris, Gauthier-Villars, 1923. 
98 pp. 

Jeans (J. H.). The nebular hypothesis and modern cosmogony. Oxford, 
Clarendon Press, 1923. S8vo. 31 pp. 

KircHBerGcer (P.). Was kann man ohne Mathematik von der Relativi- 
tatstheorie verstehen? 3te, vermehrte und verbesserte Auflage. 
Karlsruhe, C. F. Miiller, 1922. 8 + 95 pp. 

Kniss (G. H.). See Czuser (E.). 

Koprrr (A.). The mathematical theory of relativity. Translated by H. 
Levy. London, Methuen, 1923. 8 + 214 pp. 

Korrier (—.). See 

Kroppa (E.). See (E.). 

von Lave (M.). Das physikalische Weltbild. Vortrag, gehalten auf der 
Kieler Herbstwoche 1921. Karlsruhe, C. F. Miiller, 1921. 25 pp. 

Levi-Civita (T.) e Amatpr (U.). Lezioni di meccanica razionale. Vol- 
ume 1: Cinematica, principi e statica. Bologna, Zanichelli, 1923. 

Levy (H.). See Koprr (A.). 

Maenet (G.). Pratique du caleul du béton armé. Partie 1. Paris, 
Gauthier-Villars, 1923. 160 pp. 

Mariiarp (L.). Quand la lumiére fut . . . Tome 2: Les cosmogonies 
modernes. Paris, Les Presses Universitaires de France, 1923. 280 pp. 

Matisse (G.) See Sitperstern (L.)° 

Merz (A.). La relativité. Préface de J. Becquerel. Paris, E. Chiron, 
1923. 156 pp. 

Mistier (E.). Vorlesungen iiber darstellende Geometrie. Band 1: Die 
linearen Abbildungen bearbeitet von Dr. E. Kruppa. Leipzig, 
Deuticke, 1923. 292 pp. 

Nernst (W.) und Scnornruiss (A.). Einfiihrung in die mathematische 
Behandlung der Naturwissenschaften. 10te, vermehrte und verbes- 
serte Auflage. Miinchen und Berlin, Oldenbourg, 1923. 6 + 502 pp. 

OxsertH (H.). Die Rakete zu den Planetenraumen. Miinchen und 
Berlin, Oldenbourg, 1923. 92 pp. 
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(—.). See ENcYKLOPADIE. 

Orxanpi (G.). Nuove tavole tacheometriche per determinare le dis- 
tanze orizzontali, le differenze dilivello,le coordinate planimetriche e 
le curve. 3a edizione. (Manuali Hoepli.) Milano, Hoepli, 1922. 
24 +201 pp. 

OstertTac (P.). Kolben- und Turbo-Kompressoren. Theorie und Kon- 
struktion. 2te, verbesserte Auflage. Berlin, Springer, 1923. 

Ross (A. D.). A popular introduction to Einstein’s theory of relativity, 
with an account of the tests made by the Wallal solar eclipse expedi- 
tion. Perth, E. S. Wigg, 1923. 32 pp. 

Roy (M.). Sur la théorie des surfaces portantes. (Collection Scientia.) 
Paris, Gauthier-Villars, 1923. 132 pp. 

Scumip (T.). Darstellende Geometrie. 2te Auflage. Band II. Berlin, 
Vereinigung wissenschaftlicher Verleger, 1923. 340 pp. 

Scnoenrutss (A.). See Nernst (W.). 

Scuutrze (A.). Ist die Welt vierdimensional? Leipzig, Hillmann, 1922. 

Srtperstein (L.). Eléments de la théorie électromagnétique de la lumiére. 
Traduit de l’anglais par G. Matisse. Paris, Gauthier-Villars, 1923. 
8vo. 4+94 pp. 

SommerFetp (A.). La constitution de l’atome et les raies spectrales, 
traduite sur la 3e édition allemande par H. Bellenot. 2e fascicule. 
Paris, A. Blanchard, 1923. 350 pp. 

Sovuruatt (J. P.C.). Mirrors, prisms, and lenses. A text-book of geo- 
metrical optics. Enlarged and revised edition. New York, Macmillan, 
1923. 20 + 657 pp. , 

Srrasser (H.). Einsteins spezielle Relativititstheorie. Eine Komédie 
der Irrungen. Bern und Leipzig, E. Bircher, 1923. 59 pp. 

Tuorne (A. T.) and CaLtpERwoop (J.). Notes on torsional oscillations 
with special reference to marine reduction gearing. London, Spon, 
1923. 51 pp. . 

Unirep Srates AcapEMy. Elementary mechanics, prepared by 
the department of mathematics of the United States Naval Academy. 
Revised. Annapolis, 1922. 352 pp. 

Ursan (F. M.). Grundlagen der Wahrscheinlichkeitsrechnung und der 
Theorie der Beobachtungsfehler. Leipzig, Teubner, 1923. 6+ 
274 pp. 

Vasmerr (A. W.). Space, time, motion. Introduction to general rela- 
tivity. (In Russian.) Berlin, Argonautenverlag, 1922. 156 pp. 
Vixar (A.). Notes sur les distances des planétes au soleil. Paris, Jouve 

et Cie., 1923. 76 pp. 

DE Vries (H.). Leerboek der beschrijvende meetkunde. Deel II: 
Ruimtekrommen en gebogen oppervlakken. Tweede druk. Delft, 
J. Waltman, 1922. 

Wacener (P.). Der Energiebegriff. Entwurf zur Erkenntnisgrundlage 
der Ursachen aller Erscheinungen. Charlottenburg, Selbstverlag, 
1922. 96 pp. 

WHEELER (T.S.). See Born (M.). 
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Meetings of the Society have been fixed at the following 
times and places: 


THE SOUTHWESTERN SECTION, IN CoLuMBIA, MissourI, 
December 1, 1923. See also page 378. 
Abstracts must be in the hands of the Secretary of the Section, E. B. - 
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December 27-28, 1923. See also this Bulletin, vol. 29, 
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Abstracts must be in the hands of the Secretary of the Society not 
later than November 29. 


THE TWENTIETH WESTERN MEETING OF THE Society (Fifty- 
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